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Abstract 

We investigate gravitational properties of thin planar wall solutions of the Einstein's equations 
in the weak field approximation. We find the general metric solutions and discuss the behavior 
of a particle placed initially at rest to one side of the plane. Moreover we study the case of 
non-reflection-symmetric solutions. 
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I. INTRODUCTION 



The study of the gravitational properties of topological defects from a cosmological point 
of view is not an academic exercise []|. Topological defects can be point-like (monopoles), 
string-like (cosmic strings) or planar (domain walls), depending on the particle physics 
model; also important defects are textures, point-like defects in space-time. In general 
topological defects are regions in space in which the energy density is trapped. These 
regions of "surplus" of energy might act as seed for formation of structure, by means of the 
gravitational accretion mechanism .2]. Moreover, if the seeds for galaxy formation are indeed 
provided by topological defects, one expects that the resulting power spectrum of cosmic 
background radiation anisotropy to differ from that predicted by inflation j^. Therefore it 
is important to investigate these cosmological objects from a gravitational point of view. 
On the other hand many of the proposed observational tests for the existence of topological 
defects are based on their gravitational interactions. The more relevant aspect is connected 
with the unusual sources of gravity of topological defects. For example, the gravitational 
field around a static string is very peculiar |4|. In fact when we consider the Newtonian 
limit of Einstein's equations with a source term given by Tj} = diag(a, —pi, —p 2 , —Ps), we 
find that the Newtonian potential $ satisfies V 2 $ = AnG^cr + pi + p 2 +P3), the pressure 
terms also contribute to the "gravitational mass". If the string is infinite in the x direction, 
we have pi = —a, in other terms it has a large relativistic tension (negative pressure). For y 
and z directions we have V 2 $ = 0. All this indicates that space out of the infinite straight 
cosmic string is flat and therefore a test particle does not feel any gravitational attraction. 
In general cosmic strings do not produce gravitational force on the surrounding matter but 
they deflect light 0, 0,0, EJ Eo, Ell > while domain walls are repulsive but do not deflect 
light. In any case the metric describing the exterior of a gauge cosmological string was 
derived by Vilenkin [ij linearizing Einstein's equations. Later the solution was shown to be 
exact and unique in the full non linear theory of general relativity 0, 3 • 



Moreover the gravitational properties of domain walls are important due to their striking 
cosmological implications. The repulsive gravitational properties of domain walls lead to 
the interesting proposal that the energy density of the Universe could be dominated by a 



network of low-tension domain walls [1J, [Ijj lla, Uj| . This is in relation to the recent evidence 
[Lsi fl9| of an accelerating Universe from the distance measurements of supernovae la with 
redshift between and 1. This proposed is alternative to the two most famous candidates 
of dark energy: cosmological constant and quintessence. 

The metric for infinite, static plane-symmetric domain wall is rather peculiar and is different 
from that of a massive plane. The energy-momentum tensor of a wall lying in the (y-z)-plane 
is 

T£ = <T5(z)diag(l, 0,1,1), (1) 

where a is the energy density of the wall. Vilenkin p| studied the gravitational properties 
of static domain walls and strings in the linear approximation of general relativity. The 
Newtonian limit of the Einstein equations for domain walls is V 2 = — AtcGct, that is to say 
the domain walls are repulsive. The only static solution with 7^ in x = and = 
everywhere, is [26| 

ds 2 = / 1 (dt 2 - dx 2 ) - (1 - k\x\)(dy 2 - dz 2 ) (2) 
— k\x\ 
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with = g^5(x)diag(l, 0, 1/4, 1/4). Note that this form of is not consistent with 
Eq. Therefore is not possible to have a static gravitational field for a planar wall. 

Indeed, the time- dependent solution of Einstein's equation in the case of planar domain 
walls was found by Vilenkin and by Ipser and Sikivie [9f. They found the following 
metric: 

ds 2 = (1 - 2nGa\x\) 2 dt 2 - dx 2 - (1 - 2nGcr\x\) 2 e* 7rGat ( y dy 2 + dz 2 ), (3) 

obtained in the thin wall approximation. The gravitational field of thick walls have been 
studied by Widrow [2l| . 

In this paper we investigate the gravitational properties if thin planar domain walls by 
solving Einstein's equations in the weak field approximation. In Section II we discuss the 
general solution of linearized Einstein's equations for static domain walls, ferromagnetic 
domain walls and shell dust. Section III is devoted to non- reflection-symmetric solutions. 
Finally in Section IV we draw our conclusions. 



II. GRAVITATIONAL FIELD OF THIN PLANAR WALL IN WEAK-FIELD 
APPROXIMATION 



In previous papers the study of gravitational field of planar wall has been made in the 
framework of thin-wall approximation with planar symmetry. The thin wall limit permits, 
in four dimensional space-time, to treat the wall as an infinitely thin (2+l)-surface. The 
weak field approximation gives an interesting feature of the wall's gravitational field. In 
fact it does not correspond to any exact static solution of the Einstein's equation. The 
reflection-symmetric solutions by Vilenkin are inconsistent with the Kasner solution [29t | . 
Let us write the metric tensor as a flat-space Lorentz metric rj^ = diag(l, —1,-1,-1) plus 
a perturbation term h^ v : 

dfif Vnv ^fyifj (4) 

where <C 1 everywhere in space-time. In this approximation the linearized Einstein's 
field equations read 

V - d 2 ) V = 16ttG(t^ - Iv^T), (5) 



where T = denotes the trace of the energy equations of the linearized theory and 
satisfies the so called harmonic gauge or de Donder gauge conditions: 

d lt (h" v -±6» v h)=0. (6) 

The remaining coordinates are restricted to the transformation: 

h[iu £,fi,v £,v, fit (7) 

with 

(d 2 - V 2 )£, = 0. (8) 
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In the limit of vanishing thickness the planar configuration can be considered as an infinitely 
thin three-dimensional hypersurface with the energy-momentum tensor T{f having in gen- 
eral singularities on the hypersurface. The energy-momentum tensor for thin homogeneous 
massive plane is taken to be 

T$ = 6(x)dxag(<T,0,-p,-p), (9) 

where a is the energy density of the wall and p the pressure density; the plane is at the 
surface x — 0, the x-axis being perpendicular to the wall. 
Eqs. (jSJ and © with the tensor 0, give 

h 00 = At + 4ttG((7 + 2p)\x\, (10) 
h u = Bt + AnG(a -2p)\x\, (11) 
h 22 = h 3a = Ct + 4irG<r\x\, (12) 

where A, B and C are constants and h^ v = for p ^ v. If we impose the harmonic gauge 
conditions (JBj) . we have C = —^(A + B), therefore the non static massive plane metric in 
the linear approximation is: 

ds 2 = [l + At + A7rG(a + 2p)\x\}dt 2 + [1 + Bt + AnG(a - 2p)\x\}dx 2 + 

- A + B 1 
+ h47rGo-|x| (dx 2 + dz 2 ). (13) 

which dep ends on two constants A and B. 

Taub [2q has shown that, in the vacuum, any plane-symmetric metric can be written as: 

ds 2 = e 2u (dt 2 -dx 2 ) - e 2v (dy 2 + dz 2 ), (14) 

where u and v are functions of t and x, and from symmetry of the problem we have u(—x, t) = 
u(x,t) and v(—x,t) = v(x,t). The functions u and v satisfy the following conditions: 

e 2v = f(x + t) + g(x-t), (15) 
u=-\v + h(x + t) + k(x -t), (16) 

where / and g are arbitrary functions of the variables indicated, and the functions h and k 
satisfy the following conditions: 

h(x + t) = {* hl f ' + constant if f ^ °' (17) 

^ ' \ arbitrary if /' = 0, 

, _.\ f | In g' + constant if g' ^ 0, , , 

^ ' 1 arbitrary if g' = 0, 

where primes indicate derivatives of the functions with respect to its arguments. 

In the weak-field approximation, that is \u\ 1 and \v\ 1, from Eq. (|T4^) we have: 

h 00 = 2u, (19) 
/in = -2m, (20) 
h 22 = h 33 = -2v, (21) 
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all others h fiu being zero. These h^ v cannot be directly compared with Eqs. (|T0" )) -(|TT |) -([T!Z )) 

since they satisfy the harmonic coordinate conditions © only if v is constant. But, by 
comparing Eq. (|12|) with Eq. (}2~T]) we see this it is not the case. 
A coordinate transformation (J2J) with 

£o = at 2 , (22) 

£ 1 =(3x 2 signx, (23) 

6=6 = 0, (24) 

where a and (3 are free parameters, brings the metric ([19 |) .(|20 p and (|21|) to the form: 

h' 00 = 2u- 4a t, (25) 

/i' n = -2n-4/5|x|, (26) 

^22 = ^33 = "2^. (27) 

These ft,' satisfy the harmonic coordinate conditions (JHJ) if and only if c^f = —a and 
d x v = (3 signx, that is 

v = (3\x\-at. (28) 

Thus, the coordinate transformation ((221) > (EH) and (J2U) brings the metric (fH^ . (|2*nj) and (J2U) 
to an harmonic form: 

h' 00 = 2u-Aat, (29) 

// n = -2w-4/?|x|, (30) 

h' 22 = h' 33 = -2/3 \x\ +2at. (31) 

In the weak-field approximation, Eq. (|T3|) became 

1 + 2v = f(x + t) + g(x-t). (32) 

Now, for simplicity, we restrict to the half-space x > 0. Since the functions u and t> are 
linear in the variable x and t, we can write: 

/( x + t) = ai (x + t) + l, (33) 

g(x — t) = a 2 (x — t), (34) 

where ai and a 2 are constants. Inserting Eqs. (}3*3*|) and in Eq. (}3*2*|) we have: 

2t> = (ax + a 2 )x + («i — a 2 )t. (35) 

Now, there are three cases, that is: 

a^O, a 2 ^0, (36) 

ai = 0, a 2 ^0, (37) 

a^O, a 2 = 0. (38) 

By using Eqs. (fTo^ - lfTB*)) . Eq. (J2~%|) and Eq. (J33j) . we find for the three case, respectively: 

u=\v, (39) 
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u = \v + c 1 {x + t), ^ 



and 

j u = \v + c 2 {x-t) 
\a = -/3, 



2" "• ( 41 ) 



where c\ and c 2 are constants. Inserting Eqs. (JHHj), flUl and (JHJ) in Eqs. (j2~9"j) -(f3~T ]) . we have 
respectively: 

h' 00 = -5at + (3x, (42) 

h' n = -5f3x + at, (43) 

/4 = /i / 33 = 2at-2^x, (44) 



/i' 00 = (2ci - 5a) t + (2d + a) x, (45) 
= (a - 2ci) t - (2ci + 5a)x, (46) 
h' 22 = h 33 = 2at-2ax, (47) 



and 



ti 00 = -(2c 2 + 5a)t+(2c 2 -a)x } (48) 
fr' n = (2c 2 + a) t + (5a - 2c 2 ) x, (49) 
h' 22 = h 33 = 2at + 2ax. (50) 

Comparing the metrics (|43j) - (j4Tj) and (jjH|) - (|SD|) with the metric (jTUJl - (fT2Jl . we find respec- 
tively: 

A = 8ixG(2a + p), (51) 

B = -8nG(a +p), (52) 

a = -2nGa, (53) 

ci = 7rG(3o- + 4p), (54) 

and 

A = -87rG(2a+p), (55) 

B = 8nG(a + p), (56) 

a = 2vrGa, (57) 

Ci = 7rG(3a + 4p). (58) 

We note that the metric (|42| ) -()44| ) does not match with the metric ()1U|) -(|12| ) for any values 
of the constants A, B, a and (3. Finally, in the weak-field approximation, the metrics are: 

ds 2 = [1 + 8ttG (2a + p) t + 4ttG {a + 2p) \x\ } dt 2 
-[1 + 8nG(a + p)t - AnG (a - 2p)\x\] dx 2 

- [1 + AnGat - AixG a\x\ } (dy 2 + dz 2 ), (59) 
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in the second case and 

ds 2 = [1 - 8nG {2a + p) t + 4ttG (a + 2p) |x| ] dt 2 

- [1 - 87rG(a + p)t - 4nG(a -2p)\x\]dx 2 

- [1 - 47rG(Tt -4ttGo-|s|] (dy 2 + dz 2 ), (60) 

in the third case. We observe that it is possible to obtain the metric ()60j) by time-reversing 
the metric 

It is interesting to calculate acceleration of a test particle initially at rest at small distance 
from wall plane. 

The geodesic motion of the particle is given by 

U a UP ]a = 0. (61) 

where U a is the four velocity. We wish to find the acceleration a a = dU a jdr\ moreover we 
assume the particle initially at rest, so that U = (1,0,0,0). The geodesic equation, under 
these initial conditions becomes dU a /dr = — T^oo- Therefore the acceleration is 

= 2 7T G (a + 2p) signx 

1 + 8nG(a + p)t + 4vrG( ( x - 2p) ' 1 ' 

that in weak field approximation and in the case x > 0, becomes 

a x = -2tt G {a + 2p). (63) 
Let us analyze this equation in three different cases. 

1) Domain walls. 

Domain walls are two dimensional surfaces interpolating between separate vacua with 
different vacuum expectation value of the scalar field. They are produced through the 
breakdown of discrete symmetry. These defects are formed by the Kibble mechanism |30| 
when different regions cool in a hot Universe into different minima of the potential. They 
have been studied intensively in the past, mainly because of their notable cosmo logical 
implications Domain walls are characterized by an equation of state for which the 

surface energy density is equal to minus the surface pressure 

a = -p. (64) 

Therefore the acceleration of the test particle is 

a x = 2nGa >0 (65) 

that is to say the domain walls repels a test particle placed near the wall, the tension 
acts as a repulsive source of gravity whereas the pressure is attractive (see also 
The cosmological consequences of domain walls is strictly connected to these unusual 
and interesting source of " antigravity" . In fact we are faced with the recent problem of 
understanding a Universe with an equation of state w < —1/3 in order to explain the 
nature of the so called dark energy of the Universe. From this point of view, domain walls 
are natural candidates to obtain w < —1/3. 
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2) Ferromagnetic domain walls. 

These particular walls have been recently proposed to account the primordial magnetic 
field in the Universe j33|. The ferromagnetic domain walls are domain walls in which a 
uniform magnetic condensate is localized on the wall, originating from a peculiar magnetic 
condensation induced by fermion zero mode localized on the wall. In a recent paper it has 
been investigate the gravitational properties of these objects [34j |. and it has been found 
that the equation of state is 

P = \ ■ (66) 
As a consequence the acceleration is, from Eq. (63) 

a x = -AnGa < 0. (67) 

The acceleration is negative, the particle accelerates toward the wall. 

3) Shell dust 

In this case we consider the plane formed by shell dust. The pressure is null p = 0, therefore 
the expression of the acceleration is 

a x = -2nGa < (68) 
the plane is attractive as i the previous case. 

Topological defects could provide the seeds for the gravitational clustering of galaxies and 
other structures. From this point of view the most studied and promising defects are cosmic 
strings. In fact cosmic strings carry energy density, curve space-time and can act as the seed 
for the gravitational accretion, due to the Newtonian gravitational attractive force on the 
surrounding matter. 

In this context the domain wall do not give rise to a structure formation model and are 
ruled out for two reasons: 1) stable domain walls are a cosmological disaster, a single wall 
stretching across the Universe would overdose it [221; 2) domain walls act, as we already 
seen, in order to repel matter therefore they contribute to break up the seeds. 
On the other hand, ferromagnetic domain walls are able to overcome these two problems. 
The first problem regarding the so called "domain wall problem" is solved because of the 
surface energy density of these walls scales as R~ 3 [34J therefore these defects do not give rise 
to problems from a cosmological point of view. The second problem is solved because, as dis- 
cussed before, ferromagnetic domain walls are attractive allowing the growth of cosmological 
perturbations in an expanding Universe. 



III. NON-REFLECTION-SYMMETRIC GRAVITATIONAL FIELD OF FERRO- 
MAGNETIC DOMAIN WALLS 



In previous section we have studied the solutions, in the weak field approximation, of the 
Einstein's equations for an energy- momentum tensor given by Eq. l|12|) . As we have seen, 
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Vilenkin derived reflection-symmetric static solutions for vacuum domain walls and these 
solutions are inconsistent with the Kasner solution 1 . Tomita [H| studied solutions that 
are not-reflection-symmetric and he found that these solutions are consistent with Kasner 
solution. In this section we consider the static non-reflection-symmetric solutions, in the 
general case of energy-momentum tensor given by Eq. (fT2j) . The solutions of Eqs.tjBJ),© 
with the tensor (|T2j) are 

hoo(x) = 4irG\x\ (a + 2p) + (/3 + 7 — a)x + a 

hn(x) = 4ttG\x\ (a — 2p) + ax + a± 

h 22 (x) = 4nG\x\ a + [3x + a 2 (69) 

hzz{x) = 4itG\x\ a + 7a; + a 3 

with a, (3, 7, do, ai, a z constants that were not present in the symmetric Vilenkin's solu- 
tions. Now we compare the solutions (|69|) with the Kasner metric in the region x > 0, given 
by 

dS 2 = X 2pi dT 2 - dX 2 - X 2p2 dY 2 - X 2ps dZ 2 , (70) 

with 

Pl+P2+P3 = l (71) 

and 

Pi+P2+Ps = l- (72) 
Let us consider the following transformation of coordinate: 

T = K Pl t 

X = K~ l e~ Kx 

Y = K P2 y (73) 
Z = K P3 z 

with K > 0, constant. Let us consider the region of small gravitational potentials, namely 
the region where < x 1. The metric (|70jh with the transformations (|73|). gives the 
following relations among harmonic coordinate: 

/loo = -2p x Kx 
h u = 2Kx 

h 22 = 2p 2 Kx (74) 
h 33 = 2p 3 Kx. 

If we comparing the metrics (fBTJj) and (|74)1. we have 

a o = ai = a 2 = a 3 = 

K = 2nG(a - 2p + a) 

p x = -2nGK-\a + 2p + f3 + -?-a) (75) 

p 2 =27iGK-\a + P) 

p 3 = 2nGK- 1 {(T + -f). 



1 We remember that the Kasner metric is the most general static solution of Einstein's equations in the 
vacuum depending from one spatial coordinate. 
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Moreover the conditions (J7TJ) and (|75)l give 

X> = i =► ^-2p + « = ^ ( 76 ) 



Eft 2 = 1 (a + 2p + /3 + 7 -«) 2 + ( ( T + /3) 2 + (a + 7) 2 = (^f ■ (77) 

When we consider the case x < 0, it is necessary to introduce another Kasner metrics: 

ds 2 = X 2p_1 df 2 - dX 2 - X 2p ~ 2 dY 2 - X 2p ~ 3 dZ 2 (78) 

with 

P1+P2+P3 = 1 (79) 

pI + pI + pI = 1 (80) 

and the analogous coordinate transformations in Eqs. ()73j) 

f = K pl t 

X = R- l e~ Rx 

Y = K p2 y (81) 
Z = K p3 z. 

As in the previous case, considering small gravitational regions, < — x < 1, we have 

h 00 = 2p x Kx 
h n = -2Kx 

h 22 = -2p 2 Kx (82) 
h 33 = -2p 3 Kx. 

Analogously to the case x > 0, if we compare the metrics (ffiTIJ) and (fH2"|) we have 

cio = d\ = a 2 = as = 

K = 2nG((r -2p-a) 

p x = -2txGK- x {-o - 2p - + 7 - a) (83) 

p 2 =2nGK- 1 (a - (3) 

p 3 = 2-nGK~\a- 1 ) 

and the conditions ((IS)) and (jHOJ) give respectively 

f> = 1 a-2p-a = ^ (84) 

Ep? = l=> (^ + 2p-/3-7 + «) 2 + (a-/3) 2 + ( ( r-7) 2 =(^) 2 . (85) 
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Now, comparing the second equation in Eq.(|75j) with the second equation in Eq.(JH3j), and 
the second equation in Eq. (J78Jl with the second equation in Eq.(jHSJ) we get: 

a = (86) 
2nG(a - 2p) = K (87) 
{P + i){<r+p) = 0. (88) 

Therefore, if Eqs. (j86j) -(88) are satisfied, then it is possible to identify the metrics in the 
regions < a; < 1 and < —x <C 1. For completeness we write the relations between pi 
and pi. 

Pi +Pi 

P2+P2=P3+ P3 

Note that Tomita's results are recovered if we consider the case of a vacuum domain wall: 
a + p = 0. If we impose spatial reflection symmetry with respect to the plane of the 
wall, we obtain the Vilenkin's case, 4p + a = 0. But it is important to observe that from 
Eq.(|S7j). in order to have static solution, it must be K > 0, namely p < a/2. In the case 
of ferromagnetic domain walls, we have p = a/2. So that there are not non- reflection static 
solutions for ferromagnetic domain walls. 



2(a + 2p) 
2p 



a 
2a 



a-2p 



(89) 
(90) 



IV. CONCLUSION 



In this paper we have discussed the gravitational properties of plane walls in the weak 
field approximations. In this approximation we found the general time- dependent metric. 
We have discussed the case of domain walls where an observer experience a repulsion from 
the wall. On the other hand, ferromagnetic domain walls and shell dust are gravitationally 
attractive. In other words, the plane exercises a gravitational attraction that could make 
object interesting for the formation of large scale structure in the Universe. We have obtained 
the non-static metrics Eqs. (p)9*j) . (j60l) . in the weak-field approximation from the exact metric 
of an homogeneous massive plane [26]. In particular we have obtained for the coefficients 
A and B, in Eq. (JT3J), the following values: A = ±8nG(2a + p) and B = T8nG(a + p). 
Therefore to get a static solution it is necessary that A — B — 0, and this is obtained only 
when a = p = which is obviously not physically relevant. Therefore we conclude that 
it is impossible to obtain static metric in weak-field approximation [4] in the case of plane 
vacuum domain walls (a = —p ^ 0) according to 20] . Moreover we have found that there is 
not static non-reflection-symmetric gravitational field for ferromagnetic domain walls, while 
is possible in the case of domain walls as already pointed out in [28] have been already 
studied by Tomita. 
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